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What is it?

As a pupil making your way through school, you may have heard the term calculus being used by peo-
ple in the grades above you, and it can sound like a really intimidating topic, as it seems to be some 
foreign concept that you haven't encountered before. Do not fear, however, all that calculus actually is 
is a new set of tools and techniques that we have for solving problems that we couldn't solve before. 
Because calculus is quite a broad concept, there are many different forms and applications for it. We 
will be looking at a few of these for grade 12, so the best thing to do is to just start at the beginning with 
some new things to know.

 
CALCULUS



In order to get this section off on a good 
note, let's start with a story about pizza. I 
was once eating a pizza, and I noticed 
that after eating half of the pizza, I was 
quite full - so I took a break.

 After this break, I decided that all I would 
be able to manage before I would need to 
take another break would be to eat half of 
what was left. I did this, and naturally I had a 
quarter of a pizza left on my plate.

From there I devised my eating strategy: I 
would eat half of what was on my plate, 
then take a break, then eat half of what was 
left, and continue this way until I finished the 
pizza.

It took me a while to realise, however, that if I carried on like this, I would in fact never finish the pizza. 
This told me two things: firstly, it gave me an insight into the concept of limits, and secondly it made me 
realise that I needed a new pizza eating strategy.

So what does this have to do with maths? Well if we called the number of eating sessions that I had x, 
and the fraction of the pizza that was left on my plate after each session y, then we can write this as a 
function 

 
LIMITS
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Graph of  

In the real life example – while I would never actually finish the pizza – the longer I ate for, the less pizza 
there would be, and if I could carry on eating forever, the amount of pizza on my plate would get closer 
and closer to zero. In the context of the graph above, we can say that as time passes x increases, and 
as x continues to increase towards infinity, y gets closer and closer to 0. This is known as a limit, and we 
write it as:

We say this as “the limit as x tends to infinity”

Limits are very useful, because it allows us to study the behavior of functions beyond what we could 
previously. In the above example – for instance – x is never actually going to get to infinity, and y 
is never going to get to zero, but by using the limit we can look at what happens as our variables 
approach these unattainable values and see how the function behaves.



The word gradient refers to the slope of something – in this case a function. You will be familiar with the 
concept from working with the straight line of the form 
y = mx+c, where m represents the gradient of the line. You also may have heard people talk about “rise 
over run” – this is another way of studying the gradient. In this section, we’re going to look at the gradi-
ents of functions that aren’t straight lines.

Recap: Average Gradient

In grade 11, you will have learnt about the average gradient of a function between points. Here is 
a reminder of what we mean: 
The average gradient of function f between points B(x0;y0) and C(x1;y1) is 

This is the same as drawing a straight line between the two points and finding the gradient of that 
straight line.

Gradient of a function at a point

So now that we’re comfortable with that, we can draw a picture:

The above diagram is of an undefined function f (it doesn’t matter what f is at this stage) with points B 
and C. We have defined B as the point (a;f(a)), and the difference in the x-values of B and C is the value 
h. As a result of this, we can see that the x-value of C is going to be a+h, and the y-value is going to be 
f(a+h).

 

a a+h 

f(a+h) 

f(a) 
h

f 

C

B 
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To find the average gradient between these two points, we would put them into our formula to get:

Now comes the fun part: we want to find the gradient of the function f – not between two points – but at 
the point B. We are going to do this by taking the gradient between two points to start with, and then 
moving those two points as close together as possible so that they almost become one point. 

Let’s look at how we could do that with the above example. We said that h is the distance between the 
x-value of B and the x-value of C, so if we could make that difference zero then the points would be in 
the same place. The bad news is that we can’t put it equal to zero because then we would be looking at 
one point only, but the good news is that we learnt a way of seeing what happens as it gets very close 
to zero – the limit!

From this we get:

This is the gradient of f at x=a, we can generalize this formula to apply to every x-value in the domain of 
f, and to do this we just replace our specific value a with the more general variable x to get: 

The Definition of the Gradient of a Function at a Point

0

The Definition of the First Derivative of a Function

+

We’re using some new words and notation here, so let’s talk about that before moving on. What we 
have found is the gradient of the function f at every point along that function, and if you put all these 
gradients together they make a function themselves – we call this function the first derivative, and we 
write it as f'. We call the process of finding the derivative differentiating. 

Note:
Sometimes questions will ask you to use the definition of the 
derivative to solve a problem, other times they will ask you to use 
First Principles – In both cases make sure to use the formula above.



Question: Use the definition of the derivative to find f' (x) if f(x)=2x+1

Solution: Let’s start by putting this function into our formula:

Example 1

Now we need to evaluate the limit, and to do that we do the same thing that you would do when substi-
tuting in h=0. Unfortunately we can’t do that straight away because then we would be dividing by zero. 
If we multiply the brackets out and simplify the numerator, we find that:

We can now evaluate the limit and substitute in h=0 (although we don’t actually do any substituting be-
cause we’ve cancelled every h) and we find that
f'(x)=2, 
which is the answer that we’re looking for.

Example 2

Question: Determine from first principles the derivative of f(x)=x2+3x-1 

Solution:  Same as before, we use the formula:

And again we multiply out the numerator: 
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Simplifying the top we get:

And from here we can take a factor of h out on top and cancel it with the h in the denominator:

And now we can evaluate the limit by substituting in h=0 to get our answer:

We’re going to move on in a moment, but before we go any further, let’s look at a few of the different 
ways in which the derivative can be written.

When finding the derivative using first principles, we always want 
manipulate the numerator so that we can take out a factor of h on top 
to cancel with the h at the bottom.

Hints: 

Note:
We have already seen that we can write the derivative of f (x) as f’(x), 
but questions won’t always be asked like this. Another way of saying 
the derivative of f(x) is by using the notation d/dx f(x), and we say 
that this is “the derivative of f with respect to x”.  This notation can 
also be used when the function is written out explicitly, for example 
d/dx(x^2+3x+1). Lastly, if we have written our function in terms of x 
and y – for example y=2x-1 - then we can write the derivative simply 
as dy/dx.



It is very important to know the definition of the derivative, because it gives you an idea of where the 
derivative comes from. Once you’re familiar with it, however, there are some easier ways of calculating 
it than with the formula that we have been using, and one of these ways is the power rule. In its most 
general form, the power rule says that:

This will probably make more sense when we look at how this applies to an example function – let’s 
take:

f(x)= 3x2 

Now, to apply power rule, we do two steps:
 Take the exponent and multiply it with the coefficient to get our new coefficient.
 Subtract one from the original exponent to get the new exponent

It’s as simple as that! Sometimes you have to use exponent laws to get your function into a recognizable 
form. Here are some more examples:

Example 2

Example 1

 
MAKING THINGS A BIT EASIER
THE POWER RULE
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Example 3

Properties of the Derivative

For grade 12, you need to be aware of two properties of the derivative. Firstly, the property that if you 
multiply a function by any constant and then differentiate it, you will get the same result as you would 
have if you had differentiated the function and then multiplied it by the constant. The general form of this 
rule is:

 
Here f is a function of x and k is a constant.

 

Example:

Secondly, if you add two functions together and then differentiate them, you will get the same result as if 
you had differentiated them separately and then added their derivatives. The general form of this rule is:

Here f and g are different functions of x

Example:



Sometimes you will be asked to find the derivative of a function at a point, and the question will provide 
you with an x-value. In this case you first do the differentiation, and then substitute your x-value in to get 
the answer.

Example Question: Find the derivative of the function f(x)=3x3+2x+7 at the point where x=3

Solution: 
 f' (x)=9x2+2
 f' (3)=9(3)2+2=83

Although it might seem tempting to do think that they do, derivatives 
involving functions that are multiplied together do not behave the 
same way as those involving functions that are added together. This 
means that:

So if you see a question like this:

Calculate ,

Do not say

The way to solve this problem is to multiply the brackets out and then 
differentiate, like this:

You can see from this that the two ways of doing it give you two dif-
ferent answers, so it is important to do it the right way!

Hints: 

Any constant term k can be written as k.x0, and when we differentiate 
this it becomes(k.0) x(-1)=0. That is why constant terms fall away, as 
the 7 did when we differentiated the function in the example above.

Hints: 
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Tangent Lines to a function

If you take a ball, and place a piece of cardboard on top of it, you’ll notice that it touches the ball at 
one place and one place only. Because of this, we say that the cardboard is tangent to the ball. In the 
context of functions, a tangent line is a line which touches the function at a point, but does not cross it.  

Figure 1 shows a function f with the slanted dotted line being the tangent line to that function where x=a.

With the functions that you will encounter in grade 12, you can be sure that a function has a unique 
tangent line for every x-value in that function’s domain. What this means is that if your graph has a y¬-
value at some point, then you can also find the tangent line for that point.

Remember earlier when we were talking about the gradient of the function at a point? Well lucky for us, 
the gradient of a function at a point and the gradient of the tangent line to the function at that same point 
are always the same. 

Hopefully you also remember that we found the gradient at a point by differentiating the function and 
then substituting in the x-value of that point, because we’re going to do the same thing to find the 
gradient of a tangent line in the next section.

 

Figure 1



Top Technique: Finding the Equation of a Tangent Line

The tangent line is always going to be a straight line, and we know that the equation of a straight line 
is y=mx+c. To get the equation of a tangent line to  function at a point, we first need two things:
 The function itself
 A point on the function

A question on this section will always give you the function, and more often than not give you the 
point as well, but sometimes you will only be given an x-value. In this case, you need to substitute that 
value into the equation of the function and get the corresponding y-value, so that you have a complete 
point. Once you have these two things, all you need to do is go through the following steps:
Find the derivative of the function
Substitute the x-value of your point into your derivative – this will give you your gradient m

 Substitute m and your point (x1,y1) into the formula 
 Rearrange into the form y=mx+c

Example Question:
Find the equation of the tangent line to the function f(x)= -x2+3x-4 at the point where x=0

Solution:
First we need to find the point, so let’s substitute in:
 f(0)=-(0)2+3(0)-4=-4
Therefore we have a point (0;-4), and we can start with the steps.
 f' (x)=-2x+3 

 f' (0)=-2(0)+3=3

 

 y+4=3x

 y=3x-4
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Critical Points

Because the first derivative relates to the gradient of a function, we can use f’(x) to tell us about the shape 
of f(x). For example, wherever f’(x)  is positive, f(x) is increasing, and wherever f’(x) is negative, f(x) is de-
creasing. We can see this from the diagram below of f(x)=x2+1, along with points (2;5) and (-2;5) and 
the tangent lines at these points.

We can see from this that the gradient at x=-2 is negative, so the function is decreasing. We can also 
see that the gradient at x=2 is positive, so the function must be increasing. 

We could have also checked this using the derivative, because:
f' (x)=2x, so
f' (-2)=-4 and f' (2)=4.
Because of what we said at the start of this section about f’(x), we can see that 
f’(-2) is negative and f’(2) is positive, confirming what we discovered about where the function is 
decreasing and increasing.

But what if the derivative is neither positive nor negative? What if the derivative is zero? If we look at the 
example above, we can see that indeed this is the case at x=0, because f' (0)=0, so let’s look at the 
graph of the function at that point.



Clearly at this point, the tangent line is flat, and so it has a gradient of 0, which is what we expected. 
We call any point where the derivative is zero a stationary point. What you may also notice is that at 
the point x=0, the graph goes from decreasing to increasing, and we say that a point like this – where a 
graph goes from increasing to decreasing or decreasing to increasing – is a turning point.

I’m sure you’re familiar with the turning point of a parabola from your work in previous years, and in the 
past you would have found it by completing the square or using x=-b, but now you have a new way of 
finding it, simply:

 Differentiate
 Set the derivative equal to zero
 Solve for x

This will in fact give you the turning point of not only a parabola, but also of a cubic function like 
f(x)=2x3+x2-2x+5 - in fact sometimes with a cubic function you’ll find that you have two different turning 
points! 

We’ll look more at cubic functions later, first we need to look at how we know what type of stationary 
point we have found. For grade 12, we will look at the case where the function goes from increasing to 
decreasing, as well as the case where the function goes from decreasing to increasing.

2a

0

0
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3
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The first case looks like this, and we call it a Local Maximum:

The second case looks like this, and we call it a Local Minimum:

The derivate tells us where these stationery points are, but not what they are. To know that, we have to 
add one last tool to our toolbox: the second derivative.



The Second Derivative

Up until now, we have always differentiated to get the derivative, and because we have applied the dif-
ferentiating process once each time, we call this the first derivative. In order to get the second derivative, 
all we need to do is differentiate again. We denote the second derivative as f'' (x).

There is no need to be afraid of the second derivative, often the function you are working with gets easier 
as you keep differentiating, as this example will show you:

Question: 

Find f'' (x) if f(x)=-x3+2x2+5x-17

Solution:

We start by differentiating once:

And then we simply differentiate the first derivative to get our answer:

But what is the second derivative telling us about the original function? Well, the second derivative is 
the rate of change of the gradient, and this is also known as concavity. When the second derivative is 
positive, we say that the function is concave up. When the second derivative is negative, we say that 
a function is concave down. Where the second derivative is zero, we say that we a have a point of 
inflection, and this is a point at which the concavity changes. Concavity is easiest to understand when 
you see it represented graphically:
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From the picture above and the earlier pictures of the local minimum and the local maximum, you may 
have noticed that a local maximum will always be concave down, and a local minimum will always be 
concave up. Below is a table of what the first derivative and second derivative combined tell us about f(x) 
at the point x=a:

f' (a)<0 f' (a)=0 f' (a)>0

f''(a)<0 Decreasing, concave 
down Local maximum Increasing, concave 

down

f''(a)=0 Decreasing, point of 
inflection (vertical)

Point of inflection (hori-
zontal)

Increasing, point of 
inflection (vertical)

f''(a) >0 Decreasing, concave up Local minimum Increasing, concave up

And here is the same table, but with visual representation:

f' (a)<0 f' (a)=0 f' (a)>0

f''(a)<0    

f''(a)=0  
  

f'' (a)>0
   

  

Note:
For grade 12, you don’t have to worry about classifying the type of 
inflection points as vertical or horizontal, and you don’t need to worry 
about the special case in red – where both f’ (a)=0 and f’’ (a)=0. 
Those have just been put in for your interest, what you need to fo-
cus on are the turning points, the concavity, and where the points of 
inflection are.



There is often a question about cubic graphs in the final exam, so here is some advice on how to ap-
proach it. 

There are five things to know about the graph of a cubic polynomial such as 
f(x)= ax3+bx2+cx+d, they are:
 Shape
 y-intercept
 x-intercepts
 Stationary points
 Points of inflection

When you break it down, it’s really not that bad, so let’s go through those one-by-one.

Shape

You can get an idea of the shape of the graph from the coefficient of the x3 term, in this case we’ve 
called it a. Generally speaking, cubic graphs look roughly like this:

It isn’t going to look exactly like one of these every time, but you can get a general idea.

Y-intercept

You know how to do this, just let x=0 and solve for y!

X-intercepts

This is slightly trickier, you need to set f(x)= 0 and solve for x. This will probably involve factorizing, 
but the question should make that fairly straightforward, just remember to take out a common factor of 
x before anything else if you can. For parabolas you got up to two x-intercepts (also called roots) – for 
cubic graphs you can get up to three roots!

 
DRAWING THE GRAPHS
OF CUBIC FUNCTIONS
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Stationary Points

By now you know how to do these: set f' (x)=0 to find your stationery points, and for every stationery 
point x=a that you find, check f'' (a) and the table from earlier to see what kind of point it is.

Points of inflection

All you need to do here is set f'' (x)=0 and solve for x. For cubic functions, you should find one point of 
inflection.

Example

Question: Sketch the graph of 
f(x)=x3+2x2+x

Solution:

Shape – Because the coefficient of the first term is positive, we know that it’s going to have that roughly 
positive shape shown earlier.

y-intercept – (0)3+2(0)2+(0)=0, so y-intercept at point (0;0)

x-intercept -  x3+2x2+x=0
  x(x2+2x+1)=0
  2x(x+1)(x+1)=0, 
therefore there are x-intercepts at (0;0) and (-1:0)

Turning points – f' (x)=3x2+4x+1,
So we let  3x2+4x+1=0
  (3x+1)(x+1)=0,

Therefore there are turning points at x=-1 and 

Substituting these x-values back into the original function gives us the points (-1;0) and 

The second derivative is f'' (x)=6x+4, and f'' (-1)=-2 and , so from this we know that (-1;0) 

is a local maximum, and  is a local minimum.

Point of inflection - f'' (x)=6x+4,
  So let, 6x+4=0
   6x=-4

   
Substitute this back into the original equation to find our point of inflection at 



A rectangular box is constructed in such a way that the length (l) of the base is three times as long as its 
width. The material used to construct the top and the bottom of the box costs R100 per square metre. The 
material used to construct the sides of the box costs R50 per square metre. The box must have a volume 
of 9 m3. Let the width of the box be x metres. 

 
1. Determine an expression for the height (h) of the box in terms of x. 
 
2. Show that the cost to construct the box can be expressed as C=(-1200) +1200x
 
3. Calculate the width of the box (that is the value of x) if the cost is to be a minimum.  

The last application of calculus that you need to know about for your exam is in the context of optimiza-
tion. An optimization problem is just a practical situation in which there are constraints and an outcome, 
and you have to find either the maximum or the minimum value of that outcome, depending on the situ-
ation. These questions all follow a similar pattern, so you don’t need an in-depth understanding of them, 
you just need to know what steps to take to solve them. To show you how to do them, below you will 
find the steps in orange and an example in blue to see how each step is applied.

Question source: NSC, Mathematics Paper 1 Q11, February 2013

x2

 
OPTIMIZATION PROBLEMS

Often the problem will be split into several questions, this is just to 
help remind you of the steps you need to take. Going through the 
process will get you the answers to these questions anyway, as you 
will see now.

Hints: 
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How to approach an optimization problem:

1) READ THE QUESTION – these questions are often given in the form of descriptive para  
graphs, so make sure you know what is going on and exactly what it is that they are    
asking for.

  This question has a few parts to it, but ultimately we are looking to minimize the cost.

2) ASSIGN VARIABLES – choose a variable for each restraint of the problem

 We are going to call the width x, and the length l and the height h. We know that the length must 
be three times as long as the width, so we can write l=3x. We also know that h×l×x=9, so we can 

write  . We now have our height in terms of x, which is the answer to question 1.

3) WRITE AN EQUATION – write your output in terms of one of the other variables

 We’re going to make an equation for the cost of making the box. To see how much material we 
need to use, we need to find the surface area. The surface area is the sum of the areas of the sides, 
so in this case it will be 

 area  

 Now because we want the cost, we have to multiply each side by its respective cost (remember, top 
and bottom are R100, sides are R50: 

 Cost 

 From this we have our equation of cost, and we have answered question 2.

 4)DIFERRENTIATE – find the first derivative of the equation in (4)

 

 5)FIND THE CRITICAL POINT – by setting your derivative equal to zero and solving

 

 So we have a critical point (this case a local minimum) where x=1

 6)ANSWER THE QUESTION – make sure you have given them exactly what they are looking for. 

 Question 3 asks for the width where the cost is minimized, and we know from our calculations in (5) 
that that is where the width (x) is 1. All Done!



In this chapter, we have looked at the idea of limits, and how we can use limits to find the gradient of a 
function at a point. We have covered how to get the derivative using both first principles and the power 
rule – just remember to read the question to see which one you must use (if it doesn’t say anything, go 
with the power rule).

We’ve also checked out the second derivative and concavity, and hopefully you have an idea of how 
to use the first and second derivatives to give you information about the original function. We’ve drawn 
cubic graphs and found critical points, and we even used differentiating to solve real-world optimization 
problems. All these things could be tested in your final exam, so make sure you’re comfortable with both 
the methods and the ideas behind them before you write. 

 
CONCLUSION
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