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1

Exponentials and Logarithms

Exponentials

We have already met exponential functions in the notes on Functions and

Graphs..

A function of the form f'(x)=4a" , where 2 >0 is a constant, is known as

an exponential function to the base 4.

If 2>1 then the graph looks like this:

74 y=a",a>1
This is sometimes called a growth
(1,2) function.
1
-
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If 0<a <1 then the graph looks like this:

) 4

\

A
y=a",0<a<l

This is sometimes called a decay function.

n
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Remember that the graph of an exponential function f(x)=a" always

passes through (0,1) and (1,4) since:

£(0)=a"=1, f()=da=a.
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mr population on an island increases by 16% per year. How many
full years will it take the population to double?
Let #, be the initial population.
u, =1161, (116% as a decimal)
u, = 1160, =116(1-161, ) =116 1,
uy, =1161, =116(116°, ) =116,

u, =116"u,.
For the population to double after 7 years, we require u, > 24,.

We want to know the smallest # which gives 116" a value of 2 or more,

since this will make #, at least twice as big as #,.

Try values of 7 until this is satisfied.

Ifrn=2, 116>=135<2 On a calculator: ‘ 1 H . H 1 H 6 H :|
Ifn=3 116’ =156 <2 T s el =]

Ifn=4,116" =181<2 [=]
Ifn=5,116"=210>2 :

Therefore after 5 years the population will double.

2. The efficiency of a machine decreases by 5% each year. When the
efficiency drops below 75%, the machine needs to be serviced.

After how many years will the machine need to be serviced?
Let #, be the initial efficiency.

u, =095, (95% as a decimal)

uy =095 = 095(0:95%, ) = 0-95 1,

1, = 0951, = 0.95(0-95 %, ) = 095’4,

u, =095"u,.
When the efficiency drops below 0-75%, (75% of the initial value) the

machine must be serviced. So the machine needs serviced after 7 years if

0-95” <0.75.



Try values of 7 until this is satisfied:
If n=2, 0.95* =0.903 >0.75
If n=3, 095 =0.857 >0.75
If n=4, 095" =0.815 >0.75
If n=5, 095 =0.774 >0.75
If n=06, 095°=0.735 <0.75

Therefore after 6 years, the machine will have to be serviced.

2 Logarithms

Having previously defined what a logarithm is (see the notes on Functions
and Graphs) we now look in more detail at the properties of these functions.

The relationship between logarithms and exponentials is expressed as:
I y=log,x & x=a’ where a, x>0.

Here, y is the power of 2 which gives x.

‘ 1. Write 5° =125 in logarithmic form.

5° =125 < 3=log125.
| 2. Evaluate log,16.

The power of 4 which gives 16 is 2, so log,16=2.

3 Laws of Logarithms

There are three laws of logarithms which you must know.

Rule 1
I log, x+log, y=log,(xy)  where 2,x,7>0.

If two logarithmic terms with the same base number (2 above) are being added
together, then the terms can be combined by multiplying the arguments (x

and y above).

‘ 1. Simplify logs2 +log. 4.

log; 2 +log, 4
= log5 (2 X 4)
= log, 8.

EF

EF



Rule 2

I logﬂx—logﬂyzlogﬂ(ﬁ) where a,x,y>0.

If a logarithmic term is being subtracted from another logarithmic term with
the same base number (2 above), then the terms can be combined by dividing
the arguments (x and y in this case).

Note that the argument which is being taken away (y above) appears on the
bottom of the fraction when the two terms are combined.

‘ 2. Evaluate log,6—log, 3.

log,6—log,3

=% (since 43 = J4 = 2).

Rule 3
I log, x" =nlog,x  where 4,x>0.

The power of the argument (7 above) can come to the front of the term as a
multiplier, and vice-versa.

‘ 3. Express 2log, 3 in the form log, a.

2log, 3
=log, 3
=log, 9.

Squash, Split and Fly

You may find the following names are a simpler way to remember the laws of
logarithms.

o log, x+log, y=log,(xy) — the arguments are squashed together by
multiplying.

o log, x—log, y=log, (%)— the arguments are split into a fraction.

o log, x” =nlog, x — the power of an argument can fly to the front of the

log term and vice-versa.



Note

When working with logarithms, you should remember:

I log,1=0 since &’ =1, log,a=1 since a' =a.
‘ 4. Evaluate log,7 +log,3.

log,7 +log, 3

—1+1

=2.

Combining several log terms

When adding and subtracting several log terms in the form log, &, there is a

simple way to combine all the terms in one step.

|

 Multiply the arguments of the positive log terms in the numerator.

arguments of positive log terms

log, (
arguments of negative log terms

 Multiply the arguments of the negative log terms in the denominator.

‘ 5. Evaluate log,,10+log,, 6 —log,, 5.

log,,10 +log,, 6 —log,, 5

0% 6 +log,,10 +log,,6
- 10g12 oz loglz (—
=log,,12 ~log, 5
=1.

6. Evaluate log, 4+ 2log, 3.

log,4+2log.3 OR log,4+2log, 3
=log, 4 + log, 3 =log,2° +2log, 3
=log, 4+ log,9 =2log,2+2log.3
:10g6(4><9) :2(log62+10g63)
= log, 36 =2(log6(2><3))
=2 (since 6° =36). =2log, 6

=2 (since log,6=1).



4 Exponentials and Logarithms to the Base e EF

The constant e is an important number in Mathematics, and occurs
frequently in models of real-life situations. Its value is roughly 2-718281828
(to 9 d.p.), and is defined as:

1 n
e=(l+—) as 7 —» 00,
Z
If you try very large values of # on your calculator, you will get close to the
value of e. Like 7, e is an irrational number.

Throughout this section, we will use ¢ in expressions of the form:
o ¢*, which is called an exponential to the base ¢;
o log, x, which is called a logarithm to the base e. This is also known as the

natural logarithm of x, and is often written as Inx (i.e. Inx =log, x).

‘ 1. Calculate the value of log, 8.

log,8=2:08 (to 2d.p.).  Onacalculator: | In || 8 || = |

| 2. Solve log, x=9.
log, x=9

9
sox=e Onacalculator:‘ e H 9 H = |

x=8103-08 (to 2 d.p.).

3. Simplify 4log, (2¢)—3log, (3¢) expressing your answer in the form

a+log, b —log, c where a, b and ¢ are whole numbers.

4log,(2¢)—3log, (3e) OR  4log,(2¢)—3log, (3¢)
=4log, 2 +4log, e —3log,3 —3log, e = log, (2@)4 ~log, (36)3
=4log,2+4—-3log,3-3 (26)4
=1+4log,2-3log,3 = log, (36)3)

=1+log,2* —log, 3’

166 Remember
=1+log,16—log, 27. = log, 270 (ab)" =a"p".
o (1)
8e 27

=log, ¢ +log, 16 —log, 27
=1+log,16—log, 27.



Exponential and Logarithmic Equations EF

Many mathematical models of real-life situations use exponentials and

logarithms. It is important to become familiar with using the laws of
logarithms to help solve equations.

‘ 1. Solve log, 13 +log, x =log, 273 for x>0.

log,13 +log, x =log, 273
log,13x =log, 273
13x =273 (since log,x=log, y < x=y)
x=21.
| 2. Solve log,, (4x +3)—log,,(2x—3) =1 for x>%.
log,, (4x+3)—log, (2x—3) =1

4x+3
1 =1
oe (322
4x+3 _
2x-3
4x+3=11(2x-3)
4x+3=22x-33
18x =36
x=2.
| 3. Solve log,(2p+1)+log,(3p—10)=log,(11p) for p>4.
log, (2p+1)+log,(3p-10)=log, (11p)
logﬂ[(2p+l)(3p—10)]=loga(11p)
(2p+1)(3p-10)=11p
6p*=20p+3p—10-11p=0
6p°—28p—10=0
(32+1)(p=5)=0
3p+1=0 or p—5=0
PI—% p=5.

Since we require p >4, p =5 is the solution.

11'=11 (since log, x=y < x=4")



Dealing with Constants

Sometimes it may help to write constants as logs to solve equations.

‘ 4. Solve log,7 =log, x+3 for x>0.

Write 3 in logarithmic form: OR log,7 =log, x+3
log,7 —log, x=3

3=3x1
7\ —
=3log,2 (since log,2=1) log, (7) =3
=log, 2’ Converting from log to
=log, 8. exponential form:
Use this in the equation: % =2°
A
log, 7 =log, x +log, 8 T ?
log, 7 =log, 8x -8
7 =8x
_7
X = g

Solving Equations with unknown Exponents

If an unknown value (e.g. x) is the power of a term (e.g. ¢ or 10%), and its
value is to be calculated, then we must take logs on both sides of the equation

to allow it to be solved.

The same solution will be reached using any base, but calculators can be used

for evaluating logs to the base ¢ and 10.

‘ 5. Solve ¢* =7.

Taking log, of both sides: OR Taking log,, of both sides:
log, ¢* =log,7 log,, ¢ =log,,7
xlog,e=log,7 (log,e=1) xlog,, e =log,,7

x=log,7 _log,, 7
x=1946 (t0 3 d.p.). "~ logy,e

x =1.946 (to0 3 d.p.).



| 6. Solve 5! = 40.

log, 5°**! =log, 40 Note
(3x + l)log 5= log 40 log,, could have been
‘ 1 ’ 40 used instead of log, .
By 41= 8
log, 5
3x+1=2.2920
3x=1.2920

x=0-431 (to 3 d.p.).

Exponential Growth and Decay

Recall from Section 1 that exponential functions are sometimes known as
growth or decay functions. These often occur in models of real-life situations.

For instance, radioactive decay can be modelled using an exponential
function. An important measurement is the half-life of a radioactive
substance, which is the time taken for the mass of the radioactive substance
to halve.

EXAMPLE

7. The mass G grams of a radioactive sample after time # years is given by
the formula G =100¢7".

(a) What is the initial mass of radioactive substance in the sample?

(b) Find the half-life of the radioactive substance.

(a) The initial mass was present when #=0:
G =100e7°
=100¢"
=100.
So the initial mass was 100 grams.

(b) The half-life is the time # at which G =50, so

100¢™ =50
=3t _ 1
e’ =7
-3¢ =log, (%) (converting to log form)

t+=0-231 (to 3 d.p.).
So the half-life is 0-231 years, roughly 0-231x356 =84-315 days.

10



8. The world population, in billions, # years after 1950 is given by
P =2-54¢"""7

(a) What was the world population in 19502

(b) Find, to the nearest year, the time taken for the world population to
double.

(a) For 1950, £ =0:
P =2-54¢"7%°
=2-54¢"
=2-54.
So the world population in 1950 was 2-54 billion.
(b) For the population to double:

2_54€O~0178t — 2 % 254

0-0178
e =2

0.0178#=log,2  (converting to log form)
t=38-94 (to 2 d.p.).

So the population doubled after 39 years (to the nearest year).

Graphing with Logarithmic Axes

It is common in applications to find an exponential relationship between
variables; for instance, the relationship between the world population and
time in the example above. Given some data (e.g. from an experiment) we
would like to find an explicit equation for the relationship.

Relationships of the form y = ab”

Suppose we have an exponential graph y =ab", where 4,6 >0.

y‘k
y=ab”

v

EF
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Taking logarithms we find that

log, y =log, (ﬂbx)
=log, a +log, 6"
=log, a + xlog, b.

We can scale the y-axis so that ¥ =log, y; the Y-axis is called a logarithmic
axis. Now our relationship is of the form ¥ =(log, 4)x +log, 2, which is a

straight line in the (x,Y) -plane.

Ya
Y =(log,6)x+log, a
log 4. gradient is log, &
O "

Since this is just a straight line, we can use known points to find the gradient
log, 6 and the Y-axis intercept log, 2. From these we can easily find the

values of # and 4, and hence specify the equation y =ab”.
1. The relationship between two variables, x and y, is of the form y=ab",

where @ and 4 are constants. An experiment to test this relationship
produced the data shown in the graph, where log, y is plotted against x.

log, y 4
(7,5)
3 //
/
O "x
Find the values of z and 4.

We ned to obtain a straight line equation:
y=ab"
log, y=log, ab™  (taking logs of both sides)
log, y=log, a+log, b*
log, y=log, a+ xlog, b
Y =(log, 6)x +log, a.

From the graph, the Y-axis intercept is log, 2=3;s0 a=¢".

12



Using the gradient formula:

5-3
log b="—=
0og, 70

—2
7
b=e.

. The results from an experiment were noted as follows:

x | 130 200 230 2:80
log, y | 2:04 256 278 3-14

The relationship between these data can be written in the form y = 26".
Find the values of z and &, and state the formula for y in terms of x.
We need to obtain a straight line equation:
y=ab”

log, y=log, ab” (taking logs of both sides)

log, y =log, a +log, 6™

log, y=log, a+ xlog, b

log, y=(log, )x +log, a.
We can find the gradient log, & (and hence ), using two points on the

line: using (1-30,2:04) and (2-80,3-14),

3.14— 204
08”5 80-130 (to2dp)

So b=¢""”=2-08 (to 2 d.p.).
Note that log, y =0-73x +log, 2 . We can work out log, 2 (and hence )
by substituting a point into this equation: using (1-30,2-04),
2:04=0-73x1-30+log, a
log, 2 =2-04—0-73x1-30
=1-09 (to 2 d.p.)

109

a=e Note
_ . Depending on the
=297 (w0 2d.p.) points used, slightly
Therefore y=297x 2.08% . different values for a and

b may be obrtained.

13
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Equations in the form y = ax®

Another common relationship is y=¢lxb , where 2 >0. In this case, the

relationship can be represented by a straight line if we change both axes to
logarithmic ones.

EXAMPLE

3. The results from an experiment were noted as follows:

log,,x | 1.70 229 270 2.85
log,,y | 133 167 192 201

The relationship between these data can be written in the form y = ax” .

Find the values of z and &, and state the formula for y in terms of x.

We need to obtain a straight line equation:

yzaxb

log,, y =log,, ax’ (taking logs of both sides)
b
log,, y =log,,a +log,, x

log,, y =log,,a+blog,, x
Y =bX +log,, a.

We can find the gradient 4, using two points on the line: using
(1.70,1-33) and (2-85,2-01),

p=2017195 659 (0 2dp)

2.85-1.70

So log,, y =0:59lo0g,, x +log,, « .
Now we can work out # by substituting a point into this equation: using
(1.70,1:33),
133 =059 x1.70 + log,, 2
log,, 2 =133 -0-59x1.70
=033
a=10"%

=214 (to2d.p.).

Therefore y=214x"".

14



Graph Transformations EF

Graph transformations were covered in the notes on Functions and Graphs,
but we can now look in more detail at applying transformations to graphs of
exponential and logarithmic functions.

1. Shown below is the graph of y = f(x) where f(x)=log,x.

=)
ﬂ)

O /1 c’

(a) State the value of 4.

(b) Sketch the graph of y= f(x+2)+1.

(a) 2=log, 9
=2  (since 3> =9).

(b) The graph shifts two units to the left, and one unit upwards:

y‘ryzf(x+2)+1
(7.3)

§/<\(—1,1) )

e x
2. Shown below is part of the graph of y=log; x.

=)

y=-2

(5.1)

O / 1 e
Sketch the graph of y= logs( : ) :

X

1
y=10gs( ) >

X

‘\)’ = log, (%)
= log; X .

=—log, x
5,—1
So reflect in the x-axis. ( )

15



3. The diagram shows the graph of y=2".

.ylk
y=2"
(12)
1
-
O "
On separate diagrams, sketch the graphs of:
(@) y=277%;
(b) y=2>7".
(a) Reflect in the y-axis:
y‘k
(_1’2) y= 2%
1 »
O X
(b) )/ — 22796
— 222—X
=4x27"
So scale the graph from (a) by 4 in the y-direction:

A

(-1.8)

4 \\yz 2%

\4

16



Exercise 1: Exponentials

rrrrrrrrrrrrrrrrrrrrrrr rrw rr rrw - - rrw rrw FrEaTTEFTTETETT

| a) Complete this table of values for f(x)=e"

(Lse the &= key on your calculator. Round each value correct te one decimal place.)

x |3 2 -1 o 1 2 3

fl) |
b) Sketch the graph of fix)=e"
Evaluate, correct to three significant figures:
a) e when x=07 b) e when t= 17
c) " whenn=2.5 d) e whena=4
e) & ""* when k= 100

Exercise 2 : Exponential Growth and Decay

| The population of a town is |2000. 1t is estimatad that the population of the town will increase at the rate

of 15% per annum.

a) Write down a formula for P, the population of the town after n years.

b) Calculate the estimated population after & years.

The value of a car when new is £25000. |t is estimated that the value of the car will decrease at the rate
of 2% per annum.

a) Write down a formula for V, the value of the car after n years.

b) Calculate the estimated value of the car after |0 years.

The population of the world in 2000 was 608 billion. It is estimated that the annual rate of increase is 1-25%.
a) Write down a formula for P, the population of the world n years after 2000,

b) Calculate the estimated population in 201 6.

A 500 millilirre puddle of water is evaporating at a rate of |5% per hour

a) Write down a formula for W), the amount of water in the puddle after h hours.

b) How much water is left in the puddle after 4 hours?

Jadk borrows £800 from a loan company. He must repay the loan within a year. He can make regular
payments throughout the year or a single payment at the end of the year. Interest is charged on any unpaid
balance at a rate of 2% per month. Jack chooses to make a single payment at the end of the year. How much
will the payment be!

A diamond ring was bought a number of years ago for £500. The value of the ring increases by 8% per year.
How many years does it take for the ring to double in value!

A hospital patient is given a 400 milligram dose of a drug. Each hour, the amount of drug in the patients body
decreases by 30%.VWhen there is less than 100 milligrams of the drug left in the patient’s body, it is safe for
the patient to be given another dose. How lang will it be before the patient can be given another dose!

The number of bactaria, N, in a liquid culture is given by the formula N = 500", where t is the time in hours.
a) How many bacteria are there at time zero!

b) How many bacteria are there after three hours?

The mass, m milligram of a radicactive substance is given by the formula m= 200e™"'%, where t
represents the time in years.

a) What is the mass of the substance at time zero!

b) ¥What is the mass of the substance after four years!

17



Exercise 3 : Logarithms

1 Express in logarithmic form: [e.g. 5% = 25 = logs 25 = 2]

a) 23 =8 b 32=9 c) 4% =64 d) 100 = 102
2_1 3__1 0 _ 1 _

e) 377 =3 £ 107 = 1055 o) 30 =1 h) 4! = 4.

2 Express in index form: [e.g. log, 16 =2 = 42 = 16]
_ _ _ 1_
a) log; 25 =2 b) log, 36 = 2 c) log, 64 =3 d) log, 8= -3
1 =_ 1

e) lc:gz"ﬁzi ) logS%S:g g) log; 1 =0 h) logs 5 = 1.
3 Express in logarithmic form:

a) p2=g b) r=3s> c) a=b d) k' =v.
4 Express in indicial form:

a) logy; M=N b) t=log, u c) k= lc-gp m d) logpa=c.
5 Solve for x:

a) log; x=2 b) log, x =3 C) lngﬁx =4 d) lcngﬁ x=8

e) 4 =log,x f) 2=logx g) -1 = log,x h) -3 = log,x

b 3
: . . 1 _ _
i) log 8=3 1) log, 16~ -2 k) log, 37 = -3 D log 4=4.

6 Evaluate: [e.g. log, 9=x = 3"=9= 32 = x=2]
a) log, 8 b) log; 81 ¢) logg 81 d) lﬂgzi

e) lngﬁ ) lcrgj_z? g) logg 27 h) logg 1_16
2 3

Exercise 4 : Laws of Logarithms

1 Express as the logarithm of a single number:

a) log3 +logs b) log 10 —log 2 c) Slog 2
d) log 14 + log 2 €) %log 16 f) log 27 —log 18
g) —3log2 h) log 1 + log 2.
2 Express as the logarithm of a single number:
a) 2log2 +log 3 b) log 128 — 4 log 2 cldlog2-2log4
d)3log2-2log3 ﬂ}Zlﬂg"E—%lﬂgS f) log 6—2log 2 + log 8.

18



Express as the logarithm of a single number: [e.g. 1 + log; 5 = log; 3 + log; 5 = log; 15]

a) 1+ log, 3 b) 1 —-log; 5 c) log, 6 -2

d) 2log; 51 €) 2+ 3log; 3 f)3-2log; 2

g) 1-log,, 2 h) 2 + log,, 5 11 +log,, 3 - log,, 2.
Express as the logarithm of a single number:

a)logp+logg b)2logr—logs ) logt+ %log i

d) log mn— 2 log n e) lc:gx_v—%logx Dlogr+2logs—3logt.
Express as the logarithm of a single number:

a) 1+log,,a b) 2-3log,, & c) lc:gma+%10gmb— 1.
Solve for x:

a) log x + log 2 = log 10 b) log x —log 4 = log 25

¢) logx+ 2log 3 =log 54 d)3log6—logx =log 18

el loglx+ 1) +log(x—1)=log 8 ) log x2 + log 0-25 = log 4.

Exercise 5 : Further manipulation with Logarithms

Express each of the following in terms of log 2 and log 3:
a) log 8 b) log 9 ¢) log 12 d) log 18

€) lﬂg% ) logé ) lcngé h) log 0-75.

a) Express log,, 5 in terms of log,, 2.

b) Hence, or otherwise, express each of the following in terms of log,, 2 and log,, 3:

(1) lugm% (i) log,, 25 (i) log,, 15 (iv) log,, 20
(v) log,,75 (vi) log g ﬁ (vii) log, % (viii)  log,, 0-6.

3B If p=log, xand g =log 2 find the connection between p and g.

xy

4B If af = x, a? = y and a” = 2, calculate the value of log =

=2

5B If a=log x?yand b = log %, express log x and log v in terms of @ and &.
J’F

6B If 3log; v = 2 log, (x —3) + 5, show that y* = 32 (x—3)%.

-
8

Solve for x, y,2: a) 5¥=9 b)3¥=7 c) 29 =

f|m

Solve for p, g, r: a) p=log, 17 b) g = log, 25 c) log; 0-3=r.

19



Exercise 6 : Logs to base 10 and Natural Logarithms

| Use your calculator to write down, correct to three decimal places, the value of:

a) log,d b) log,,3 <) log,3

d) log, %00 e) ":"Elu"llﬁ f) log,0.8
2 Use your calculator to write down, correct to three decimal places, the value of:

a) In2 b) In3 c) In5

d) In900 e) Infi0 f) In0.8

1 a) Complete this able of values for log,ab, log,a xlog,b and log,a + log,,b.
Give each value correct to three decimal places.

ﬂ'=1,b=3

a=4,b=T

a=8.b=6

b) Make a conjecture based on the values in your table: log ,ab=...

4 a) Complets this mble of values for Inab, Inaxinb, Ina+Inb.
Give each value correct to three decimal places.

moe " Tiname  lmarime |

a=2,b=13

a=4,b=T7

ﬂ'=ﬂ,b=l5

b) Make a conjecture based on the values in your table: Inab = ...

!
5 a) Complete this table of values for log,of. % and log,,a— log,,b.
10

Give each value correct to three decimal places.

a=12,b=4
a=26,b=2
a=15,b=3

b) Make a conjecture based on the values in your table: |og.°%=

20



6 a) Complete this table of values for In-'l .EEE:.MI Ina=Inb.
Give each value correct uiimdidmll places.

In-E -ll%i Ina=Ilnk
=2, b= 4
a= 26, b=12
a=15 b=13

b) Make a conjecture based on the values in your table: In—E=...

7 a) Complete this table of values for log,, o, (log,a)* and b log,o.
Give each value correct to three decimal places.

a=5b=12

a=4 b=13

a=2.b=6

b) Make a conjecture based on the values in your able: log,,0*=...

8 a) Complete this table of values for Ing®, (Ina)® and blna.
Give each value correct o three decimal places.

R N R

o=5 b=12

a=4, b=13

a=2 b=é

b) Make a conjecture based on the values in your able: Ing*=...

21



Exercise 7 : Logarithmic Equations

Salve for x> 0:
a) log,4+log dx=log &0 b) Zlog.3+log x=log, 54
c) log,x+log,(x+l)=log,2 d) lngh{h+|]—lngh|:x—1]=lnghfi

Solve for x> 0: A WFa

2) log,x= log,96-2 b) 3+log,x=log,7
c) logyu=3-log;5 d) loggx—3log:1=1
e) log,(x+3)+log,(x-2)=I f) logydx—log,(x—2)=12
g) log, (4x+3)-log, (Ix—-3)=1 h) %lﬂ!5|5+1lﬂ351=1
Solve for x = 0:
a) log 80-log 5=1 b) Zlog, S+log 40=13
| 2
c) ilngxlﬁ+3lng=1=5 d) 2log.6—log.8=2
Solve the following equations, giving your answers correct to two decimal places:
a) 6°=40 b) 2r=35
c) 3°=5 d) 10f=5
e) 41=9 fy ¥~2=7
Solve the following equations, giving your answers correct to two decimal places:
a) p=log;21 b) g=log,9
Find the coordinates of the points where the following curves cross the x-axis: Cﬂf"
a) y=logyx-2 b) y=logs(x—4)-1

<) y=logy(x+I)+l
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Exercise 8 : Exponential Growth and Decay

1 The intensity, [, units, of a source of light is diminished to [, units on passing through
d metres of fog, according to the law I, = Je 0154,
a) Calculate the intensity of illumination 20 metres away from a 250 unit light source
through this fog.
b) At what distance from this source will the intensity of illumination be 56 units?

2 The current, I; amps, in a telephone wire d kilometres along the wire from where the
initial current strength is I, amps, reduces according to the law I, = I, ¢0-134,
a) Calculate the current at the end of a 10 km wire with inital current 10 amps.
b) At what distance along this wire has the current fallen to 6 amps?

3 A number N, of radioactive nuclei decay to N, after ¢ years according to the law
N, =N, g 005t
a) Find the number remaining after 50 years if the original number N; was 500.
b) The halt-life of a radioactive sample is defined as the time taken for the activity to
be reduced by half. Calculate the half-life for this sample.

4 A tractor tyre has a slow puncture which causes the pressure within it to drop. The

pressure, P, units, t hours after inflation to /; units is governed by the relationship

P =P, ek

a) The tyre is inflated to a pressure of 50 units. Twenty-four hours later the pressure
has dropped to 10 units. Calculate the value of % to three decimal places.

b) The tyre manufacturer advises that serious damage to the tyre will result if it is used
when the pressure drops below 30 units.
If the farmer inflates the tyre to 50 units and uses the tractor for four hours, will he
have caused any serious damage to this tyre?

5 A mug of tea cools from an initial temperature of T,,°C to 7,°C in { minutes according
tothelaw T, = T, e —kt
a) A mug of tea cooled from boiling (100°C) to 75° C in 7 minutes.
Calculate the value of % to three significant figures.
b) How much longer did it take for this mug of tea to cool to the room temperature
of 20°C?

6 The intensity, [, units, of a source of light is diminished to [, units on passing through a
filter of thickness t centimetres, according to the law [, = [ e —kt
a) If the intensity is reduced by one quarter on passing through a filter which is 4 cm
thick, calculate the value of % to three significant figures.
b) By what percentage would the intensity be reduced if the light passed through a
filter of the same material which was 10 cm thick?

7 The atmospheric pressure, I’ millimetres of mercury, at a height of  kilometres above
sea level, on a day when the atmospheric pressure at sea level is P, mm of mercury, is
given by P = PDE‘M’. If, when the pressure at sea level is 760 mm, the pressure at a
height of 1 km is 670 mm, calculate the pressure at a height of 2 km.
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Exercise 9:

I The resuls of an experiment led to the graph shewn below.
ny

15

/-_E ’ "

a) Write down the equation of the line in terms of Iny and Inx.
b) Shew that x and y satisfy a relatonship of the form y= ax® and find the values of @ and b,
1 Twao variables x and y satisfy the relationship y = Sx%
¥When log,, y is plotted against log,, x a straight line graph is obtained.
Find the coordinates of the point where this line meets the y-axis.
3 Show that each graph represents a function of the form r:nxb and determine the values of o and b.

a) logey L~
f,,r-ff:u;, 43)
e
ﬁfﬁf
o1l
-"'-..--.-- -
L loggx
b) oy 4
HH“H::
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4 Show that each graph represents a function of the form y = ab* and find the values of a and b.

a) log »
_—-__n---_ :
D104
o72| _—
P
L] X
b) logyg ) 4
—
36 —
—
(5. 2-6)
0 X

§ This table of data was obtained from an experiment

PR 2 [ e
_ 3.7 187 362 78|

a) Show that the variables x and y are related by the formula y = ax".
b} Find the values of a and b.

& Repeat question 3 for the data shown in the table below.

. v [ %
T This table of data was obtained from an experiment.

P 2 3 4
_ 85 425 2125 10625

a) Show that the variables x and y are related by the formula y = ab*
b) Find the values of @ and b.
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Exercise 10 :

L

L =T * = N [ =

10
11
12
13
14
15B

Given X = log,, x and ¥ = log v, convert each of these to the form ¥ = aX + &
a) y=x< b) v=42x3 c) v=5x

Given X = log, x and ¥ = log_ v, convert each of these to the form ¥ = aX + &
a) y=3x* by v=10x"1! c) v= 025 x.

Given ¥ = log,, ¥, convert each of the following to the form Y= a + bx:
a) y=2x10¢ b) y=7x3* c) y=5x2%

Given ¥ = log,_ v, convert each of following to the form ¥ = a + bx:
a)y=5¢ b) y=2¢3 c) v=8x 5%

Express PP = 40 + 0-48 in the form p = ag"” where P = log,,p and Q = log, ,¢.
Express M = 3-617 + 0-43 in the form m = av" where M = log;m and 1V = log,,v.
Express S = 2:1T7 - 0-7 in the form 5 = at” where § = log;s and T = log .
Express ¥ = 1-39 — 2X in the form y = ax"” where ¥ = log,y and X = log x.
Express W= 0-85 - 3X in the form w = ax" where W= log, ,w and X = log ,x.
Express P=1-7Z + 0-69 in the form p = az" where P = log_p and £ = log_z.
Express § =47 + 0-7 in the form s = at” where § = log, s and T = log, 1.
Express R = —0-9 — 2V in the form r = av"” where R = log rand V' = log v.
Express FF = 0-5 + 0-6t in the form f = ab' where F = log, f.

Express G = 1-61 + 3r in the form g = ab” where G = log_g.

The results of an experiment gave rise to the graph shown. A

a) Find the equation of the line (in terms of P and O). 2 /

b) Given that I’ = log, ,p and O = log ¢, show that /
p and g satisfy a relationship of the form p = ag®, _
stating the values of @ and b. -4 O Q
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Exercise 11 : Graph Transformations

1 The graph of y = log; x is shown. A 0.4
1

Sketch the graph of: ¥ =log,x
a) y=log, (x + 2) b) v =logy (x—2) /

¢) v = log (%) d) y = 1-log;o 5 /1 ~

[Remember to indicate all asymptotes and
intersections with axes. ]

2B Sketch the graph of each of the following functions by first applying the laws of logs
to express the function in a more suitable form for graphing:

1)

l'\x /

3B The graph of y = log, x is shown. Ya

As in question 2B sketch the graph of: y=log 2, 1)
a) y =log, 2x b) v = log, x° 7/'
c)y=1+log,(x+1) d)y=1-log, W x. -

f
2) log,g % (x > 0) b) log, ¢) log,, 10x d) log,, 'aﬁtﬂ]'

0/1 X

Exercise 12

1. The diagram shows part of the graph
of y =logs x.

(@) Find the values of a and b.
(b) Sketch the graph of y = logs(x + 1) — 3. (2,0)

2. The diagram shows part of the graph of
y =log; X.

(a) Find the value of a. (1,0)
(b) Sketch the graph of y = log, x — 4.
(c) Sketch the graph of y = log, 8x.
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3. The diagram shows part of the graph of
y =logs x.

(a) Find aand b.
(b) Sketch the graph of y = logs 5x.
(c) Sketch the graph of y = logs x*

(d) Sketch the graph of y = logs i.
X

4. The diagram shows part of the graph of
y =logs X.

(@) Find a.
(b) Sketch the graph of y = log, 4x.
(c) Sketch the graph of y = logs X°

5. The diagram shows part of the graph of
y = loga X.

(@) Determine the value of a.
(b) Sketch the graph of y = log, 9x°

(c) Sketch the graph of y = log, %

6. The diagram shows the graph of
y =logp (X + a).

Find the values of a and b.

(2,0)

y =loga X
(81.4)

- H

y =logp (x+a)

(19.4)

- H

(4.0)
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7. The diagram shows the graph of
y = logs (x + a).

Find a and b.

8. The diagram shows the graph of
y = alogs (x — b).

Find a and b.

y =logp (x+a)

(9.2)

0
y =—aloga (x-Db)
(30,6)

&y
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ANSWERS
Exercise 1:

layx |3 2 21 0o 1 2 3
f6)| 00 ol 04 10 27 74 201

b) ¥
20
15 4
10 4
31 fix) =2
3 2 1 9 1 2 3 *
1 a) 2.0
b) 5 .47
) 0.0821
d) 2980
e) 0.301
f) 0-124
Exercise 2 : Exercise 3 :
1. a) log,8=3 b) log;9=2
c) log,64 =3 d) log,,100 =2
—_— = - L:_
e) lc-gjg 2 f) log,, 000 3
g) log;1 =0 h) log, 4 =1.
| &) P,=115"x12000 2.a) 5°=25 b) 62=36 c) 47 = 6¢
3
k) 27 757 d) 23=1 ¢ 22=42 ) 53=15
1 a) V. =0.887: 25000 0 8 l
b) £6962.52 g 2Y=1 h) 5'=5.
3 a) P=1.0125"x&-08 billion 3. a) l::-gpg= 2 b) log.r=3
b) 7417 billion c) logpa=¢ d) log, v=1
4 a) W,=0.85 =500 4.2) 3N=M b) 4'=u c) pF=m
b) 2&1 ml d) b = a.
5 £1014.59 5.a) 9 b) 64 c) 4 d) 81 e) L
6 10 years £ 1 h 1 . . 16
;:}h;:;;: ]ﬁ g]ﬁ }E_T i) 2 3) 4
=
b) 24 701 ky 3 1) va.
9 a) 200mg 6.a) 3 b)4 )2 d) -2 e) -2
b) 134 mg f) 3 g 3 h —%.
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Exercise 4 : Exercise 5 :
1.a) 3log2 b) 2log3
c) Z2log2+log3 d) log2+ 2log3
1. a) log15 b) log5 c¢) log 32 e) log2 f) 2log3s
d) log28 e) logd f log% g) log2-log3 h) log3-2log2.
g) lcngl h) log 2. 2. a) ll_ lﬂglﬂ' 2
8 b) (i) log,y2 -1
2. a) log 182 b) log8 c) 0O GD) 2 - 2 log, . 2
8 - 10
d) log 9 e) logys ) log12. (iii) l-:rgm 3+ 1 —lcrgm 5
3. a) log, 6_b) log; 0:6 «c) log, 1'5 (iv) Ing 2+ 1
d) log; 5 ¢ 5 ) 1 . (v) log,;3-2log;, 2+ 2
g) log,; 5 h) log,, 500 1) log,;1 (vi) 3log,,2 - 3
2 . L
4. a) logpg b) Icrng c) log tWu (vii) 1 -5 log, 2
5 B
d) log% e) logwx f) log % 3 qu{full) log,p 2 + logyp 3 - 1.
5. a) log,, 12'5 b) 10510% 4. p+ g 2r.
b
c) log, al_ﬂ.- 5. l::-g:r.:=é{2&+b]jlngy=%[a—zb].
6.a) 5 b) 100 ¢) 6 d) 12 7.a) 1-365 b) 1-771 «¢) 0-322.
€) 3 ) 4. 8. a) 2579 b) 1-654 «c¢) —1-096.
Exercise 6 :
I a) 0-30
b) 0.477
c) 0.699
d) 2.954
e) 0.500
f) —0.097
2 a) 0693
b) 1-099
c) 1-609
d) 6802
e) 1151
f) —0.223
3 a)
log,,ablleg,,a xlog, b|leg,,a+log, b
4 a)
a=2.b=3| 0-778 0.144 0-778 Inab IngxInk | Ing +Inb
a=4,b=T[1.447 | 0.509 |- 447 a=2b=3)| 1792 | 0782 | 1792
a=4,b=7 | 3.332 2.698 3.331
a=8,b=45| |-681 0.-703 I-&&81
a=8,b=6 | 3.871 3726 3.871

b) log ab=log, a0+ log,b

b} Inab =Ina+Ink
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Exercise 7 :

o
"
Il

Z
B Ox K N

B pafn BSOS R R (%]
| ="'"‘|‘-J

=
Il

3 1)
b) x=10
c) x=1
d) x=3

4 &) x=2.06 Exercise 8 :
b) y=513
c) a=I46
d) b=0.70
e) x=129
f) m=-041

a) 12-4 units b)) 10 m.
a) 2-73 amps b) 3-93 km.
5 &) 277 a) 41 b) 13-86 years.

b) 212 a) 0-067
& a) (16,0) b) P(4) = 37-8 = 30, (so No).

7.0) 0-0411 b) 32.2 minutes.

Lo a) 0-0719 b) 51-3%.

2 591 units.

da b
L I e

L]

e IR =AU
L] Ll

L]

b) {
c](

32



Exercise 9:

e el

a) Iny=075Inx+15
b) a=448 and b=0.75

(0. 0.7)

a) a=5,b=6

b) a=216,b=-135
a) a=515 b=25I
b) a=3981L b=0631

a) 1

l2q Y
DO0 0= = =
00 b o O 0300 bed [ 5 D000

01 02 02 04 05 08 OF
logyg &

i

b) a=3,b=122
a} 1

0 0.5 1 15 2
log g

b} a=041, b=10.43

a) 4]

L]
Fad
-
B
un

b) a=I17.b=5
a) a=%
3
b) !:u_1

c) log,4
a) Proof
k) k=317 n=17

Exercise 10 :

1.a) Y=2X b) Y=3X+06
¢) ¥Y¥=X+0-7.

2.a) Y=4X+11 b) Y=23_-X
¢) ¥=X - 1-4.

3.a) Y=x+03 b) Y=05x+ 08
¢) ¥Y=03x+ 0-7.

4.a) Y=x+16 b) Y=07-3x
c) Y=16x+ 2-1.

5.p=3g%

6. m=2-7T >0

7.5 =0-2 %1

8. y=4x°

9, w=7x"

10. p=22z17

11. s =5 L

12, r=0-4 v 2,

13. f=3-2 4%

14. g =5 &7 [=5 x (20)7] -

15. a) P=%,Q+ 2 b) p=100Vq.
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Exercise 11 :

8, 1) (10, 1)

y = log,gfx+2)
b) 7)

(10, 1)

y:IDQ
S
2 -
0 /1 5/3 X
L[y =log,,lx-2)

d) ypl y=1 -log, ¢
(1, 1) (10, 1)

2. %)

X

1 (10,0) X SHIE X

y =log,gx ¥ =1+ log,x+1)
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. |
Higher : Exponential & Logs Revision national5maths.co.uk

19. The diagram shows part of the graph whose equation is of the form y = 2m".

What is the value of m?

y
(3, 54)

~
A
2 —
Q O x 2

A 2

4

B 3

Cc 8

D 18

Ans | B

20. 'The diagram shows part of the graph of y =log;(x - 4).
The point (g, 2) lies on the graph.

yi
cy=log;(x—4)

~ (5, 0)
?S 0) x
K 2
(@]

What is the value of ¢?

A 6

B 7

Cc 8

D 13

Ans | D

www.national5maths.co.uk for all you need to pass Maths in one place
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2008 P1

23. Functions f, g and % are defined on suitable domains by
flx)=x*—x+10, g(x) =5 — x and h(x) = log2 x.
(a) Find expressions for A(f(x)) and A(g(x)).

(b) Hence solve A(f(x)) — h(g(x)) = 3.

Ans

(@) h(f(x)) = logy(x* — x +10)
h(g(x)) = logy(5 — x)

(®) x = 3,-10

2007 P2

8. The curve with equation y = log;(x — 1) — 2-2, where x > 1, cuts the x-axis at
the point (a, 0).

Find the value of a.

A

S
©

12.2

2007 P2

11. 'T'wo variables x and y satisfy the equation y = 3 X 4~
(a) Find the value of a if (a, 6) lies on the graph with equation y = 3 X 4%,
b If (—%, b) also lies on the graph, find b.

(¢) A graph is drawn of log,,v against x. Show that its equation will be of the
form log,,v = Px + Q and state the gradient of this line.

Ans

() y=3x4
logy = log3 + log,((4%)
= log;y3 + x log;o(4)
So gradient of line = log,,(4)

2006 P1

10. Two variables, x and y, are connected by the log, y
law y = a*. The graph of log, y against x is a
straight line passing through the origin and
the point A(6, 3). Find the value of a. A(6, 3)
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11. Itis claimed that a wheel is made from wood which is over 1000 years old.
To test this claim, carbon dating is used.

The formula A(t) = 4, ¢ 0000124 15 ysed to determine the age of the wood, where

N
% A, is the amount of carbon in any living tree, A(t) is the amount of carbon in
S the wood being dated and ¢ is the age of the wood in years.

Q
For the wheel it was found that A(t) was 88% of the amount of carbon in a
living tree.
Is the claim true?
Ans | &= 1031 years so claim valid
7. 'The function f is of the form f(x) =log, (x — a). y .
The graph of y = f(x) is shown in the diagram. : y = fx)
1
N (a) Write down the values of a and b. ! .1
Lq
S (b) State the domain of f. :
- O /6,0 x
:
:
Aa)a =4
Ans b=5
(b)domain is x >4
a 7. Solve the equation log, (5 — x) —log,(3 —x) =2, x < 3.
§ |
<
=43
Ans | x = 15
9. The value I (in £ million) of a cruise ship ¢ years after launch is given by the
o formula I = 2527006335
; (a) What was its value when launched?
& (b) The owners decide to sell the ship once its value falls below £20 million.
After how many years will it be sold?
(a) 252(L£m)
Ans
(b)t =40
~
t 9. Solve the equation log,(x + 1) — 2log,(3) = 3.
S
N
Ans | x =71
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10. The amount A4, micrograms of a certain radioactive substance remaining
after ¢t years decreases according to the formula 4, = 4

amount present initially.

0002 where A, is the

~
L
3 (a) If 600 micrograms are left after 1000 years, how many micrograms were
S present initially? 3
(b) The half-life of a substance is the time taken for the amount to decrease to 4
half of its initial amount. What is the half-life of this substance?
(a) 4433
Ans
(b) 347 years
N 12.  Simplify 3log,(2e) - 2log, (3e) expressing your answer in the form
S A +log, B —log, C where A, B and C are whole numbers. 4
g )
Ans | 1+ log8 —’10g69
11. (a) (i) Sketch the graphof y=a*+1,a> 2.
N (i1)) On the same diagram, sketch the graph of y = at a>2. 2
§ (b) Prove that the graphs intersect at a point where the x-coordinate is
(@M}
1
log, (a — 1). 3
b) al=a +1
axa —a' =
Ans (a-1)xa =
AR =
|
5 21
" x = log, (a— 1)
= 2 -2 3
N 12. 1If log,p = cos“x and log,» = sin“x, show that pr = a.
S
Alternative
¢ log, p + log, » = cos’x + sin” x « p=a™ r=a™ B
Ans cos 2x+sin2x

* log, p +log, r =log, pr
* log, pr=1and so pr=a

s pr=a

. pr:alza

38




9. A researcher modelled the size N of a colony of bacteria ¢ hours after the

§ beginning of her observations by N(z) = 950 x (2-6)°?.
I\ (a) What was the size of the colony when observations began?
S
N () How long does it take for the size of the colony to be multiplied by 10?
(a) 950
Ans
(b) approx 12 hours
11. The graph illustrates the law y = kx". logs y
If the straight line passes through B(0, 1)
a A(0-5, 0) and B(0, 1), find the values :
N of k and n.
S
N
O A(05,0) logs x
logs v ==2 (logs x) + 1
logs v = logs x~2 + logs5
Ans | logsy=logs 5x2
k=5 n=-2
(v=5x7)
N 7. Find the x-coordinate of the point where the graph of the curve with equation
Q vy =log; (x —2) + 1 intersects the x-axis.
S
log; (x = 2)=-1
Ans =2 %
~
= 8. Findxif 4log, 6-2log 4=1.
S
S
N
Ans | x =81
10. The diagram shows a sketch of part of the Va
- graph of y = log,(x). y = log,(x)
E (a) State the values of a and b. (8, b)
§ (b) Sketch the graph of y =log,(x + 1) = 3.

of /(a0 x
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(0) v

Ans 2 —i_l_
=2
-3

(@ a=1, b=3 /

9. Before a forest fire was brought under control, the spread of the fire was
o~ described by a law of the form 4 = A,e* where 4, is the area covered by the
E fire when it was first detected and A is the area covered by the fire ¢ hours
S later.

o If it takes one and half hours for the area of the forest fire to double, find the
value of the constant k.
Ans k=046
~
A 9.  Evaluate log; 2 + log; 50 — log. 4.
S
S
N
Ans | 2
11. 'The results of an experiment give P
rise to the graph shown.
(@) Write down the equation of the line in
terms of P and Q.
(h\: 1,5“” ......
S| e
S -
S 230 0
It is given that P =log,p and Q =log,qg.
(b) Show that p and g satisfy a relationship of the form p = aq’, stating the
values of a and b.
(a) P=060+1-8
Ans
(b) a=6-05,b6=06
7. 'The intensity /, of light is reduced as it passes through a filter according to the
law I, = Ioe"kt where [ is the initial intensity and , is the intensity after passing
N : : )
a8 through a filter of thickness zcm. k is a constant.
~
§ (a) A filter of thickness 4 cm reduces the intensity from 120 candle-power to
’g 90 candle-power. Find the value of k.
)

(b) The light is passed through a filter of thickness 10cm. Find the percentage
reduction in its intensity.
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(@) 90 =120e** = ¢* =0.75
—4k=1n 075 = k=0-0719

Ans b) I, = Ie 10079
1
% =0-487 so a 51-3% reduction
0
8. The diagram shows part of the graph y :
g of y =log,(x + a). !
~ Determine the values of a and b. ; (7, 1)
§ I| t + t } t
g O 1/ (3,0) X
N I
& I
i y= logb(x + a)
translation = q@ = -2
Ans
7,1)=>1=log(7-2)=b=35
10. Part of the graph of ¥y = 4log;(5x + 3) is shown in the diagram. This graph
crosses the x-axis at the point A and the straight line y = 8 at the point B.
Find the x-coordinate of B.
~ by
= 4log,(5x + 3)
S y=8 B 3
E
N
& 4
A 'l —
-1 1 X
Ans ‘g
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Specimen I P2

10. Six spherical sponges were dipped in water and weighed to see how much
water each could absorb. The diameter (x millimetres) and the gain in weight
(v grams) were measured and recorded for each sponge. It is thought that

x and y are connected by a relationship of the form y = ax’.

By taking logarithms of the values of x and 3y, the table below was
constructed.

X(=logex)‘2-10 231 240 265 290  3-10
Y(=logey)J7-OO 7.60 792 870 938 10-00

A graph was drawn and is shown below.

Y

10-0 -
9-5 1
9.0 L
851
8-0 4+
7-5 -
7-0 1
6-5 +

T

O

W—t f f f f [ R i f f f
20 21 22 23 24 2.5 2:6 27 2.8 2.9 3.0 31 X

Find the equation of the line in the form Y =mX + ¢.

Ans

Y=3X+07
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Higher Mathematics
Logs and Exponentials Homework

1. Evaluate log. 2 + log. 50 — log 4. 3
2. Given x = logs 3 + logs 4, find algebraically the value of x. 4
3. The diagram shows part of the graph of y = log,(x+4). ¥4 "
1
Determine the values of aand b. : 3
E /,_':_?AH——-
0 : AR
I
; y=log,(x+a)
4, [Partof ﬂtc g:apfh of y=5 %ugm[h +10} is y T
shown in the diagram. This graph crosses 1o =8 B
the xr-axis at the point A and the straight .
line y = 8 at the point B.
Find algebraically the x-coordinates of A _srﬁ P ; - o
and B. A 5 It x 4
5. (a) A tractor tyre is inflated to a pressure of 50 units.
Twenty-four hours later the pressure has dropped to 10 units.
If the pressure, P, units, after t hours is given by the formula P, = Pﬂg'“; find
the value of k, to three decimal places. (5)
(b) The tyre manufacturer advises that serious damage to the tyre will result if it is
used when the pressure drops below 30 units.
If the farmer inflates the tyre to 50 units and drives the tractor for four hours,
can the tractor be driven further without inflating the tyre and without risking
serious damage to the tyre? (4)
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